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Division

Division is a drag.

Example

192

277

Multiples of 277:

1 277
2 554
3 831
4 1108
5 1385
6 1662
7 1939
8 2216
9 2493
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Logarithms

John Napier, 1614 Henry Briggs, 1624
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Division with logarithms

log10 277 ≈ 2.442480; log10 192 ≈ 2.283301

log10
1920

277
≈ 3.28330− 2.44247

= 0.84083

192

277
≈ 0.6931
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Logarithmic Tables

Build new logs from old:

log(1920) = log(27 · 3 · 5) = 7 log(2) + log(3) + log(5)

Interpolate known values.

Question

How to compute log(2)?
(by hand!)
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Briggs, 1624

Knows how to compute square roots.
Observes that

log10(1 + x) ≈ Mx

when x is small. Then, compute:

1

2
× 1

2
× · · · × 1

2
= log10

√√
· · ·
√

10

After 54 steps, Briggs’ M = 0.434294481903251804 ≈ 1/ ln(10).
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Briggs, 1624

Let’s compute log(2).

√√√√√
√√√√√√√√

2 ≈ 1.0109

64× 0.0109 = 0.6976 ≈ ln(2)

0.6976 ∗M = 0.3030 ≈ log10(2)

Briggs did 47 root extractions, computing log10(2) to 19 decimal places.
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Johannes Kepler, 1627
The Tabulae Rudolphinae Astronomica (1627) contains natural (base e)
logarithms, where ln(1 + x) ≈ x for small x .
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“Hyperbolic” Logarithms

Late 1650’s. Logarithms are related to hyperbolic areas.

1 a

1

1

x

ln(a)

Brouncker, 1668:

ln(2) =
1

1 · 2
+

1

3 · 4
+

1

5 · 6
+

1

7 · 8
+

1

9 · 10
+ · · ·

These five terms give ln(2) ≈ 0.645....

It takes 80 terms for the next digit.
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Nicolas Mercator, 1668

ln(1 + x) = x − x2/2 + x3/3− x4/4 + · · ·

so

ln(2) = ln(1 + 1) = 1− 1

2
+

1

3
− 1

4
+

1

5
− 1

6
+ · · ·

=
1

1 · 2
+

1

3 · 4
+

1

5 · 6
+ · · ·

On the other hand

ln(1.1) = .1− .01 · 1

2
+ .001 · 1

3
− .0001 · 1

4
+ · · ·

ln(1.1) = 0.09531 01798 04324 86004 39521 23280 76509 22206 054
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Newton, 1671, Method of fluxions

Use ln(1 + x) = x − x2/2 + x3/3− x4/4 + · · · to compute

ln( 9
10), x = −0.1

ln(1210), x = 0.2

ln( 8
10), x = −0.2

ln(2) = ln

(
12 · 12

8 · 9

)
= 2 ln(

12

10
)− ln(

8

10
)− ln(

9

10
)

Can get ln(2) ≈ 0.69314 using only six terms of each series.
Newton computed 16 digits, needing 21 terms of each series.
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Simpson’s Rule

ln(2) =

∫ 2

1

1

x
dx

∫ 2

1

dx

x
≈ 1

6

(
1 + 4 · 2

3
+

1

2

)
=

25

36
= 0.694444...

= S1

1

2

3
1

2

1 1.5 2

0.5

1

1.5

1

x
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Simpson’s Rule II

∫ 2

1

dx

x
≈ 1

2
· 1

6

(
1 + 4 · 4

5
+

2

3

)
+

1

2
· 1

6

(
2

3
+ 4 · 4

7
+

1

2

)
=

1747

2520
= 0.6932539...

= S2

1 4

5
2

3
4

7
1

2

1 1.5 2

0.5

1

1.5

1

x
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Extrapolation

The error in composite Simpson’s rule is proportional to h4, where h is the
width of the subdivisions. Reducing h by a factor of 2 should reduce the
error by a factor of 16.

ε1 = S1 − log 2; ε2 = S2 − log 2

we expect ε2 ≈ 1
16ε1. Then

S2 − log 2 ≈ 1

16
(S1 − log 2)

1

15
(16S2 − S1) ≈ log 2

log 2 ≈ 0.6931746...
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The L function

ln(1 + x) = x − x2/2 + x3/3− x4/4 + x5/5 · · ·
− ln(1− x) = x + x2/2 + x3/3 + x4/4 + x5/5 · · ·

So that
1

2
ln

(
1 + x

1− x

)
= x + x3/3 + x5/5 + · · ·

Put

L(k) =
1

2
ln

(
1 + 1/k

1− 1/k

)
=

1

2
ln

(
k + 1

k − 1

)
so

L(k) =
1

k
+

1

3k3
+

1

5k5
+

1

7k7
+ · · ·

Notice 2L(3) = ln(2). Five terms of the series give ln(2) ≈ 0.693144.
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Euler, 1748

L(k) =
1

k
+

1

3k3
+

1

5k5
+

1

7k7
+ · · ·

Euler observed

2L(5) + 2L(7) = ln(
6

4
) + ln(

8

6
) = ln(

8

4
) = ln(2)

and used this to compute ln(2) to 25 digits, which takes only 17 terms of
each L series.
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Records

Napier, ∼ 1615

Briggs, 1624

16 digits, Newton, 1671

25 digits, Euler, 1748

48 digits, Wolfram, 1778 (48 digits for all numbers up to 2200)

137 digits, Shanks, 1853, ln(2) = 14L(31) + 10L(49) + 6L(161)

260 digits, Adams, 1878, ln(2) = 7 ln(109 )− 2 ln(2524) + 3 ln(8180)

330 digits, Uhler, 1940, linear combinations of L(k).

Currently: 31 billion digits, Chan & Yee, 2009:

ln(2) = 18L(26)− 2L(4801) + 8L(8749)
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