SLU Math Team 2014 Qualifying Problems

Return your work to Dr. Lamar’s office (Ritter 213) before 4pm on Wednes-
day, March 19. Even if you feel you got none of the problems, you need to hand
in something (a blank sheet of paper with your name on it?) to declare your
desire to participate in the contest.

1. For 6 = 10%0'* degrees, compute cos(#°) to two decimal places.

Solution. cos(6°) = 0.17 to two decimal places.
First, 10" = 280 (mod 360) for any n > 3, so

cos(0°) = cos(280°) = sin(10°) = sin(7/18).

Using the MacLaurin series for sin(z), z — 23/6 < sin(z) < x. An easy
hand computation shows 7/18 a 0.174 and 0.1743/6 < 0.002. Then
0.172 < sin(m/18) < 0.175. O
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2. Find the units digit of Z nl.

n=0

Solution. The units digit is 4.

Since n! is divisible by 10 for n > 5, the sum in question has the same
units digit as

4
Zn!:O!+1!+2!+3!+4!:1+1+2+6—|—24:34

n=0

O

3. Nine dots are arranged on a square grid as shown below. Find three
triangles so that each dot lies on exactly one triangle, and each triangle
touches exactly three dots. Or, prove it cannot be done.

Solution. It can be done: for example, use triangles (0,0)-(1,0)-(0,1) and
(1,1)-(2,2)-(1,2) and (0,2)-(2,1)-(2,-1). Note that this cannot be done if
the triangle corners are restricted to the dots. There are four corner dots
to the square. One of the three triangles must contain two of these dots.
If the dots are required to be corners of the triangles, then the two corner
dots have a segment joining them and that segment also hits another dot,
violating each triangle touches three dots. U



4. Find all real values of a > 0 such that a® > z® holds for all > 0.

Solution. The only solution is a = e.

Clearly, a® = 2% when z = a. At x = aq,
d
e

If these two derivatives are unequal, then the graphs of 2% and a” cross at

x = a and so a® > z* cannot hold for z near a. Therefore, it is necessary
that loga =1, or a = e.

= (loga)a® and ﬁx“ =aq“

r=a r=a

Now, claim that e* > x¢ for all x > 0.
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e’ > 1t < x>elog(r) < - > ng(x).
Now let f(z) = @. Then
(1 —log(z))

f/(x) = 2

and f’(z) =0 if and only if z = e. Now
woy —e—2e(l—logle)) 1
f (6) = ) = _673 < 0.

So f takes its maximum value on (0, 00) at = = e, so that f(e) > f(x) for
all x > 0. O

5. Compute
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1
[ st
Solution. Let I be the integral in question. Change variables z = 1/y, so
dx = —dy/y?. Then

0 )
—lo —d lo
I / g(y)2 2y 7/ g(yg dy = 1.
o L+ (1/y)* y o l+y

Since I = —1I, the integral is zero.

To fully justify the above computation, one needs to know the function
log(z)/(1 + 22) is absolutely integrable on (0, 00). For = > 1,

1
og() < Vz — 32
1+ 22 x?
which is integrable on (1,00). For < 1,
log(z)
22| < fog(a)],

which is integrable on (0, 1).



