Direct proof of Euclid 1.19 from Heath, page 285-6.

Alternative (direct) proof.

Proclus gives a direct proof (pp. 319—321) which an- Nairizi also has and
attributes to Heron. It requires a lemma and is consequently open to the
slight objection of separating a theorem from its converse. But the lemma
and proof are worth giving.

Lemma.

If an angle of a trzangle be bisected and the straight line bisecling it meet the
base and dzwa’e tt into unequal parts, the sides conlaining the angle will be
unequal, and the greater will be that whick meets the greater segment of the base,
and the less that whick meets the less.

Let 4D, the bisector of the angle A4 of the triangle 4 BC, meet BC in D,
making CD greater than B.D.
I say that 4C is greater than 425. A
Produce 4D to £ so that DE is equal to
AD. And, since DC is greater than BD, cut
off DF equal to BD. G
Join £F and produce it to G.
Then, since the two sides 4D, DB are B o F C
equal to the two sides £D, DF, and the
vertical angles at D are equal,

AB is equal to £F,
and the angle DEF to the angle BAD,
i.e. to the angle DA G (by hypothesis).
Therefore 4G is equal to £G, [1. 6]
and therefore greater than £F, or AB.
Hence, a fortiori, AC is greater than A25.

Proof of I. 1g.

Let ABC be a tnangle in which the angle 4BC is greater than the angle
ACB.

Bisect BC at D, join 4.0, and produce it to £ so that DE is equal to
AD. Join BE.

Then the two sides BD, DE are equal to the two

sides CD, DA, and the vertical angles at D are equal ;
therefore BE is equal to 4C,
and the angle DBE to the angle at C. = \F
But the angle at C is less than the angle 4BC; g B
\ C
E

therefore the angle DBE is less than the angle
ABD,.

Hence, if BF bisect the angle 4BE, BF meets
AE between 4 and 2. Therefore EF is greater
than #4.

5 It follows, by the lemma, that BZ isegreater than
A, :
that is, 4C is greater than 45.



