
Math 641 Week 1 Exercises

Aug. 27

1. Sketch the stereographic projection of a cube inscribed in the unit sphere. Make two sketches:
One where the cube is aligned with the coordinate planes (so corners are at (± 1√

3
,± 1√

3
,± 1√

3
)),

and another where the cube has two corners at the poles (0, 0,±1)

2. Bernhardus Varenius was a German geographer who died in 1650 at the age of 28, just
after publishing Geographia Generalis, in which he describes a method for constructing the
graticule (meridians and parallels) in a polar sterographic projection. The instructions (and
a brief intro) are reproduced on the next page.

Make sense of these instructions and perform the construction.

3. Variants of stereographic projection. The standard stereographic projection is from the ‘North
Pole’, the point (0, 0, 1), to the x,y plane given by z = 0. Another reasonable projections is
from the ‘South Pole’, or (0, 0,−1) to the z = 0 plane, and a third is from the North Pole to
the plane z = −1 which is tangent to the South Pole.

Find formulas for these projections.

Compute the change of coordinates between all three variants.

Aug. 29

1. For various constants c, the function f(x, y, z) = x2+y2−z2 defines a surface by the equation
f(x, y, z) = c. Find a parameterization of these surfaces analogous to the spherical coordinate
parameterization of the 2-sphere.

2. For a function f : Rn → Rm, show that if f is differentiable at a then f is continuous at a.

3. Suppose f : Rn → R satisfies ||f(x)|| ≤ ||x||2 for all x ∈ Rn.
Show that f is differentiable at 0.

Aug. 31

1. Suppose f : Rn → Rm is linear. For a ∈ Rn, what is Df(a)?

2. Suppose f : Rn → Rm is differentiable, and has an inverse function f−1 : Rm → Rn which is
also differentiable. For a ∈ Rn, what is Df−1(a)?

3. Define f : R→ R by

f(x) =

{
e−x

−2
x 6= 0

0 x = 0

Show that the kth derivative f (k)(0) = 0 for all k, and f is smooth. (Hint: L’Hopital’s rule.)

Let

g(x) =

{
f(x + 1)f(x− 1) x ∈ (−1, 1)

0 otherwise

Show that g is a smooth function which is positive on (−1, 1) and 0 elsewhere.

Given ε > 0, define a smooth function h which is 0 for x ≤ 0 and 1 for x ≥ ε. (Hint: integrate
g).



Varenius, 1650, reproduced from Snyder, Flattening the Earth, 1993, pg 21.


